Hangelbroek and Larsen and Habetler have independently provided rigorous techniques for solving the time independent one speed linear transport equation. 1,2 While the Larsen-Habetler approach has the distinct advantage of demonstrating, as its central result, that the transport operator is spectral, when this result is already evident, as for example, with a self-adjoint kernel, the Hangelbroek approach appears to provide a most effective setting for understanding the underlying properties of the transport operator. In fact, Hangelbroek has succeeded in showing that the Wiener-Hopf factorization, which has been used as a basis for extending the solution of the full range problem to the half range, can be derived from a study of projections in the representation space of the full range theory. 3 Recently, Zweifel has extended the Larsen-Habetler technique to the multigroup transport equation. 4, 5 In this article we wish to show that for a symmetric kernel the functional calculus can be developed for the multigroup as by Hangelbroek for the one-speed equation.
Since it will be necessary to evaluate the isometries between subspaces of the solution space and the representation spaces explicitly, the von Neumann spectral theory will be applied to nonorthogonal cyclic subspaces. The subcritical case, C < S, is considered in detail first, with extensions in the last section to more general kernels.
THE ALGEBRA GENERATED BY A-I U
We consider the Hilbert space 1-/ = EBi=l L 2(1), the direct sum of n copies of L 2(1), where I is the real interval [-1,1] . For 1 ~ i ~ n, let C i E 1-/ be the zero function in each L 2(1) except the ith copy, where it is the unit constant function. A vector i/J EH will be written i/J = {i/Jj}~=1 with (4),
Let S be a positive, diagonal nXn matrix, C a real symmetric matrix, and assume for simplicity that S -C > O. Throughout we will write a i for Sw Define the orthogonal projection P: 1-/ -1-/ by Noting that P commutes with every constant matrix, the inverse of A is computed to be
Write K for the linear space 1-/ with inner product
On K, A is still positive, and additionally, B = A -I M is self-adjoint. LetA be the C* algebra generated by Bon K, (N) 
Proof: Defining the linear functional 1i: rp -(rp, E)i for rp F pC), the estimate
rp, I/J)i = {rp(B)e;. I/J(B)e i }= {if (B)rp(B)e p e i }

= (/frp, E)i
is a positive operator, by the spectral theorem for self-adjoint operators, so ' and Mt is an invariant subspace of B.
SOLUTION OF THE EQUATION
Let N. represent the nonnegative/nonpositive sub-
The solution of the n-group isotropic nonhomogeneous linear transport equation is provided by the following theorem.
Theorem 1: Let q: 1R -K be uniformly HOlder continuous, and (q(x), q(x» Ii uniformly bounded. Consider is the unique solution of the transport equation
satisfying (MI/J(x) , z!;(x» Ii uniformly bounded.
The proof of the theorem is an immediate consequence of the following two lemmas.
Lemma 4: l/Ji:1R-K is a solution of (4)
satisfying ( 
EVALUATION OF THE ISOMORPHISMS F;
It remains to compute the maps Fi and Fjl explicitly in order to apply Theorem 1, and it is desirable as well to derive the measure a.
Lemma 6: Let VI denote the poles of A(A)-1 for 1 =1, . . . ,111 andR(v l ) the residues. If rpc: 
computation of the contour integral is routine, contributions rising from the same terms as in the one group case. 
using Lemma 6. From property (b) and the known analytic behavior of A(A), the r ' integral can be evaluated where and (e k , T51~(/l)ej) = ~k(O"kV).
To compute U conveniently, it is helpful to collect some properties of A. (9) by A and suitably collecting terms proves the operator inversions:
Since and To= S,
Finally, 
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Theorem 9: For each 1 " 'j"'n, and 1 "'i"'n, (Fie j)(v) 
Proof: Since Fi 1 is an isometry, for all CPE P(C),
r Rewrite A as in the proof of Lemma 8 to obtain:
Therefore, the integral can be expanded. The contour integration is completely analogous to that in the proof of Lemma 7, i. e., so the last two terms of Eq, (11) cancel. Moreover, 
EXTENSION TO SELF-ADJOINT KERNEL
The functional calculus approach which has been developed above can be extended in toto to the case of the general symmetric kernel: S diagonal, C = C*, det(S -C) ' * 0 (or C similar to a self-adjoint matrix, S invariant), by considering H as a Pontrjagin space with indefinite metric defined by Eq. (I), More precisely, for every pair of imaginary eigenvalues, a two-dimensional invariant subspace is split off from 1/, and for each real eigenvalue such that (Acp, cp) H < 0, a onedimensional eigenspace is removed. On the remainder, B is similar to a self-adjoint operator. This decomposition is due in general to Krein's Invariant Subspace theorem.
In the case of the 2-group, the assumption C = C* can also be dropped. For it is evident that C can always be symmetrized by a similarity transformation which leaves the diagonal matrix S invarianL For details on these Pontrjagin techniques, see Refs, 3 and 7.
